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Abstract

Explicit solutionsto constrainedlinear MPC problemscan be obtainedby solving multi-parametricquadraticprograms(mp-QP)where
the parametersare the componentsof the statevector. We study the propertiesof the polyhedralpartition of the statespaceinducedby
the multi-parametricpiecewise af�ne solution andproposea new mp-QPsolver. Comparedto existing algorithms,our approachadopts
a different exploration strategy for subdividing the parameterspace,avoiding unnecessarypartitioning and QP problemsolving, with a
signi�cant improvementof ef�ciency.
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1 Intr oduction

Our motivationfor investigatingmulti-parametricquadratic
programming(mp-QP)comesfrom linearModel Predictive
Control (MPC). This refersto a classof controlalgorithms
that computea manipulatedvariabletrajectoryfrom a lin-
earprocessmodelto minimizea quadraticperformancein-
dex subject to linear constraintson a prediction horizon.
The �rst control input is then applied to the process.At
thenext sample,measurementsareusedto updatetheopti-
mizationproblem,andthe optimizationis repeated.In this
way, this becomesa closed-loopapproach.Therehasbeen
some limitation to which processesMPC could be used
on, dueto the computationallyexpensive on-line optimiza-
tion which was required.Therehasrecentlybeenderived
explicit solutionsto the constrainedMPC problem,which
could increasethe areaof usefor this kind of controllers.
Explicit solutionsto MPCproblemsarenotmainly intended
to replacetraditionalimplicit MPC, but ratherto extendits
areaof use. MPC functionality can with this be applied
to applicationswith samplingratesin the � -secrange,us-
ing low costembeddedhardware.Softwarecomplexity and
reliability is also improved, allowing the approachto be
usedonsafety-criticalapplications.Methodsfor ef�cient on-
line implementationof PWA functionevaluationin explicit
MPC hasbeendevelopedby exploiting convexity (Borrelli
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etal., 2001)or anassociatedbinarysearchtreedatastructure
(TøndelandJohansen,2002;Tøndelet al., submitted).In-
dependentworksby (Bemporadet al., 2002),(Bemporadet
al., 2000b), (Johansenet al., 2000)and(Seronet al., 2000)
have reportedhow a piecewise af�ne (PWA) solution can
be computedoff-line, while the on-line effort is limited to
evaluatethis PWA function. In particular, in (Bemporadet
al., 2002)and(Bemporadet al., 2000b) sucha PWA func-
tion is obtainedby treatingthe MPC optimizationproblem
asa parametricprogram.Parametricprogrammingis a term
for solving an optimizationproblemfor a rangeof param-
eter values.One can distinguishbetweenparametricpro-
grams,in whichonlyoneparameterisconsidered,andmulti-
parametricprograms,in whichavectorof parametersis con-
sidered.The algorithmreportedin (Bemporadet al., 2002)
is theonly mp-QPalgorithmknown to theauthorsfor solv-
ing generallinear MPC problems,while single parameter
parametricQP is treatedin (Berkelaaret al., 1997).Multi-
parametricLP (mp-LP)is treatedin (Gal,1995)and(Borrelli
etal., 2000),mp-LPin connectionwith MPCbasedonlinear
programmingis investigatedin (Bemporadet al., accepted
for publication),andmulti-parametricmixed-integer linear
programming(DuaandPistikopoulos,to appear)is usedin
(Bemporadet al., 2000a) for obtainingexplicit solutionsto
hybrid MPC. The mp-LP algorithmof (Gal, 1995)andthe
mp-QP algorithm presentedin this paperare similar, but
while (Gal,1995)usessimplex stepsto solvethemp-LP, our
algorithmproceedssimilar to an active setQP solver. The
problemof reducingthecomplexity of thePWA solutionto
linearquadraticMPC problemsis addressedin (Johansenet
al., 1999;BemporadandFilippi, Conditionallyacceptedfor
publicationwith minorrevisions),andef�cient on-linecom-

Preprintsubmittedto Automatica 29 May 2002



putationschemesof explicit MPC controllersareproposed
in (Borrelli et al., 2001).This paperextendsthe theoreti-
cal resultsof (Bemporadet al., 2002),by analyzingseveral
propertiesof thegeometryof thepolyhedralpartitionandits
relationto thecombinationof active constraintsat theopti-
mum of the quadraticprogram.Basedon theseresults,we
deriveanew explorationstrategy for subdividing theparam-
eterspace,whichavoids(i) unnecessarypartitioning,(ii) the
solutionto LP problemsfor determininganinterior point in
eachnew regionof theparameterspace,and(iii) thesolution
to the QP problemfor suchan interior point. As a conse-
quence,thereis asigni�cant improvementof ef�ciency with
respectto the algorithmof (Bemporadet al., 2002).Some
preliminaryresultswerepresentedin (Tøndeletal., 2001a).

2 From Linear MPC to an mp-QP Problem

The main aspectsof formulating a linear MPC problem
as a mp-QP will be repeatedhere for convenience(see
(Bemporadet al., 2002) for further details).Considerthe
linearsystem 
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. Whenthe �nal costmatrix F andgain
s

arecalculated
from the algebraicRiccati equation,underthe assumption
that the constraintsare not active for

h�x„l

, (2) exactly
solvetheconstrained(in�nite-horizon) LQR problemfor (1)
with weights U , X (seealso(SznaierandDamborg, 1987),
(Chmielewski and Manousiouthakis,1996) and (Scokaert
andRawlings, 1998)).For simplicity we considerthe regu-
lator problem(2), but thealgorithmdevelopedin this paper
is directly applicableto trackingandmeasureddisturbance
rejectionproblemsasdescribedin (Bemporadet al., 2002).
Theseproblemscanby somealgebraicmanipulationbere-
formulatedas …0†
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. The problem we considerhere is to
�nd the solutionof the optimizationproblem(3)–(4) in an
explicit form ˆ1›
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partition of the parameterspace,and
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is a convex
(andthereforecontinuous)piecewisequadraticfunction.

3 Background on mp-QP

As shown in (Bemporadet al., 2002),the mp-QPproblem
(3)-(4) canbe solvedby applyingtheKarush-Kuhn-Tucker
(KKT) conditions
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For easeof notationwewrite



insteadof
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let the superscriptindex denotea subsetof the rows of a
matrix or vector. Since
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associatedzero Lagrangemultiplier
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tiveconstraintanactiveconstraint with a positiveLagrange
multiplier
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Assumefor the momentthat we know the set ¤ of con-
straintsthat are active at the optimum for a given
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De�nition 2 For an activeset,wesaythat the linear inde-
pendenceconstraint quali�cation (LICQ) holds if the set
of activeconstraint gradientsare linearly independent,i.e.,
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ª hasfull row rank.
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Eq. (10) cannow besubstitutedinto (9) to obtain
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Wehavenow characterizedthesolutionto (3)-(4)for agiven
optimalactive set ¤•¬
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. However,
aslongas¤ remainstheoptimalactivesetin aneighborhood
of




, the solution (11) remainsoptimal, when ˆ is viewed
asa functionof




. Sucha neighborhoodwhere¤ is optimal
is determinedby imposingthat
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Equations(12) and(13) describea polyhedronin the state
space.This region is denotedas the critical region

!

X

S

correspondingto the given set ¤ of active constraints,is a
convex polyhedralset,andrepresentsthe largestsetof pa-
rameters




suchthatthecombination¤ of activeconstraints
at theminimizer is optimal (Bemporadet al., 2002).

The recursive algorithmof (Bemporadet al., 2002)canbe
brie�y summarizedasfollows:SolveanLP to �nd afeasible
parameter
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, where
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is the rangeof parametersfor
which themp-QPis to besolved.Solve theQP(3)-(4) with
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S , to �nd the optimal active set ¤ for



S , and then
use(10)-(13)to characterizethesolutionandcritical region!
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S correspondingto ¤ . Thendivide theparameterspace
asin Figure1b-c by reversingoneby onethe hyperplanes
de�ning the critical region. Iteratively subdivide eachnew
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in a similar way aswasdonewith
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. The main
drawback of this algorithm is that the regions X
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are not
relatedto optimality, as they cansplit someof the critical
regionslike
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N in Figure1d. A consequenceis that
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will bedetectedat leasttwice.
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Fig. 1. Statespaceexplorationstrategy of (Bemporadet al., 2002).

The following theoremcharacterizesthe primal and dual
parametricsolutions,andwill beusefulin thesequel.
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De�nition 6 A representationof a polyhedron (12)-(13) is
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-minimal if all redundantconstraintshavedegree
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. It
is minimal if there are no redundantconstraints.

Clearly, a representationof a polyhedron
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is min-
imal if it containsall inequalitiesde�ning facets,anddoes
notcontaintwo or morecoincidenthyperplanes.Let uscon-
sidera hyperplanede�ning thecommonfacetbetweentwo
polyhedra
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in the optimal partition of the state
space.Therearetwo differentkindsof hyperplanes.The�rst
(TypeI) arethosedescribedby (12),whichrepresentsanon-
active constraintof (4) that becomesactive at theoptimum
as
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. As proved in the following
theorem,thismeansthatif apolyhedronis boundedby ahy-
perplanewhichoriginatesfrom (12),thecorrespondingcon-
straintwill beactivatedon theothersideof thefacetde�ned
by this hyperplane.In addition,thecorrespondingLagrange
multiplier maybecomepositive.Theotherkind (TypeII) of
hyperplaneswhich boundthepolyhedraarethosedescribed
by (13). In this case,the correspondingconstraintwill be
non-active on theothersideof the facetde�ned by this hy-
perplane.
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Corollary 1 Considerthesameassumptionsasin Theorem
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We remark that coincidenthyperplanesare rare, as from
(12)-(13) one can seethat specialstructuresof

‰

,
•

, ‹ ,
Œ , and

•

are requiredfor two or morehyperplanesto be
coincident.Anyway, whenfor instancetwo hyperplanesare
coincident,by Corollary 1 there are three possibleactive
setswhich have to becheckedto �nd theoptimalactive set
in
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.

One shouldalways a priori remove redundantconstraints
from ‹

ˆ

q
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d¯Œ . This reducesthe complexity of the
mp-QP, andmayalsoavoid somedegeneracies(seeSection
5).

Example 1. Considerthedoubleintegrator(Johansenet al.,
2000)
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Fig. 2. Critical regionsfor doubleintegrator

We start the partitioning with the region where no con-
straintsareactive,whichis full-dimensionalbecausethemp-
QP is createdfrom an MPC problemwhereupper(lower)
boundson inputs and outputsare strictly positive (nega-
tive),see(BemporadandFilippi, Conditionallyacceptedfor
publication with minor revisions, Lemma 6). This means
that ¤

S

�àñ

, and ‹
ª , Œ3ª and

•

ª are empty matrices,
ˆ1›

��
T���˜o

andthe �rst componentof
>

›

��
T�

is the uncon-
strainedLQR law. This critical region is thendescribedby

o

d�Œ

�••*


�

whichcontainseightinequalities.Two of these
inequalitiesare redundantwith degree0 (#2 and #4), the
remainingsix hyperplanesarefacetinequalitiesof thepoly-
hedron(seeFigure2a).By crossingthe facetgivenby ¹

N ,
de�ned by inequality1 andof Type I, aspredictedby The-
orem2 theoptimalactive setacrossthis facetis ¤

N

�

;

�

Z ,
which leadsto thecritical region

!

X

N (seeFigure2b). Af-
ter removing redundantinequalitieswe areleft with a mini-
mal representationof

!

X

N containingfour facets.The �rst
of theseis of Type II,

ž

N

��
W�Ü�æo

. The other threeare of
Type I. Theseareinequalities#2, #6 and#7. Consider�rst
the other side of the facetwhich comesfrom

ž

N

��
T�4�òo

,
seeFigure2c. The region shouldnot have constraint1 ac-
tive, so the optimal active set is ¤

Ç

�ãñ

. This is the same
combinationof active constraintsas ¤

S , asexpected,so ¤

Ç

is not pursued.Next, considercrossingtherespective facets
of inequalities2, 6 and7, seeFigures2d–2f.This resultsin

4



threedifferentactive sets: ¤�ó

�

;

�

�

‡

Z , ¤õô

�

;

�

�

é

Z and
¤«ö

�

;

�

�

ç

Z . ¤«ó and ¤«ô leadto new polyhedraasshown in
the�gures. Thecombination¤ ö leadsto aninterestingcase
of “degeneracy”: Theassociatedmatrix ‹ ª haslinearly de-
pendentrows, which violatesthe LICQ assumption.In this
case, ¤«ö leadsto an infeasiblepart of the statespace.A
generaltreatmentof degeneracy is givenin thenext section.

³

Theorem2 andCorollary 1 show how to �nd the optimal
active set acrossa facet only by using the knowledgeof
which kind of hyperplanethe facetcorrespondsto, except
in degeneratecases,which is the topic of thenext section.

5 Degeneracyin mp-QP

We have so far assumedthat LICQ holdson the common
facet betweentwo polyhedra,and that there are no con-
straintswhich are weakly active for all




within a critical
region. Suchcasesare referredto as degenerate.We will
�rst considerhow to handlecaseswhereLICQ is violated,
andthenconsiderweaklyactive constraints.

Theorem 3 Consider a generic combination ¤ ¬

;

�

�

]­]^]

�

“

Z of activeconstraintsand assumethat the corre-
spondingrows

|

‹
ª

§�q

•

ª

§÷q

Œ3ª

• are linearly indepen-
dent. If LICQ is violated, then the correspondingcritical
region is not full-dimensional.

Proof: Let the active constraintsbe ‹
ª

ˆ

�••

ª


y�

Œ3ª .
SinceLICQ is violated, ‹

ª hasnot full rankanda reduced
setof equationscanbede�nedwithoutchangingthesolution

ˆœ›

��
W�

: ‹

‚

ˆ

�µ•

‚


M�

Œ

‚ . Assumewithout lossof generality
that

‹

ª

�ßÙ

‹

‚

‹

P

Þ

�

•

ª

�-Ù

•

‚

•

P

Þ

�

Œ

ª

�ßÙ

Œ

‚

Œ

P

Þ

�

(14)

where ‹

P

, and
•

P

arerow-vectorsand Œ

P

is a scalar. Let!

XI‚ and
!

X

ª be the critical regionswheretheactive sets
correspondingto ‹

‚ and ‹
ª , respectively, areoptimal.The

solution is ˆ1›

ø�ùOú

��
W�Á�

ˆ1›

ø�ùHû

��
W�Á�ýü�
Ò�˜þ

within both
!

XI‚ and
!

X

ª , where
üì�

‰

LHN

‹

‚

A+�

‹

‚

‰

LON

‹

‚

A*�

LHN

•

‚ ,þK�

‰

LHN

‹

‚

A �

‹

‚

‰

LON

‹

‚

A��

LHN

Œ

‚ . It is clear that
!

X

ª

´

ÿ


Å$Å&*(

§��

‹
ª

q

•

ª��

Ù

ˆ1›

ø�ù

û

��
T�




Þ

�

Œ3ª��

�

p

and

p

�

ÿ


Ò$£&

(

§

Ù

‹

‚

q

•

‚

‹

P

q

•

P

Þ

Ù

ü�
4��þ




Þ

�
Ù

Œ

‚

Œ

P

Þ

�

�

ÿ


t$'&�(

§

‹

‚

üu


q

•

‚


•�

‹

‚

þ•�

Œ

‚

�

�

‹

P

ü

q

•

P

�Õ
7�

‹

P

þ•�

Œ

P

� (15)

�
¥


Å$Å&

(

§

�

‹

P

ü

q

•

P

�Õ
7�

‹

P

þÜ�

Œ

P

©

]

If ‹

P

ü

À

� •

P

or ‹

P

þ

À

�

Œ

P

it follows that
p

is not a full-dimensional subspaceof
&�(

, and since

!

X

ª

´

p

, neither is
!

X

ª . Supposethis does not
hold, i.e., ‹

P

ü·�r•

P

and ‹

P

þã�

Œ

P

. Since ‹ ª has
not full rank, ‹

P

���

‹

‚ , where
�

is a row-vector, and•

P

���

‹

‚

‰

LHN

‹

‚

A �

‹

‚

‰

LON

‹

‚

A��

LHN

•

‚

�	�*•

‚ , Œ

P

�

�

‹

‚

‰

LON

‹

‚

A+�

‹

‚

‰

LHN

‹

‚

A��

LON

Œ

‚

�
�

Œ

‚ . Then, there is
lineardependencebetweenrows of

|

‹ ª

§¾q

•

ª

§Mq

Œ3ª

• ,
a contradiction. ³

In an MPC problemonemight avoid full-dimensionalcrit-
ical regionswith violation of LICQ by simply slightly per-
turbingtheweightmatricesandtheconstraints,withoutpro-
ducingsigni�cant changesof the closed-loopbehavior. On
the other hand,in somesituationsthis may not be possi-
ble, for instanceequalityconstraintssuchasterminalstate
constraints




B�CHDIE B

�¦o

, would lead to violation of LICQ
(cf. (Berkelaaret al., 1997,Example6.3)). In suchcases,
full-dimensionalcritical regionscanbe handledby solving
a QP, asin (Tøndelet al., 2001b).

Next Theorem4 providesamethodto �nd theoptimalactive
set in a neighboringregion alsowhenLICQ is violatedon
the commonfacet.Before proceedingfurther, we needa
technicalLemma.

Lemma 1 Let the optimal active set in a critical region
!

X

S be
;

¢

N

�

]k]9]

�m¢

P
Z , and consideran minimal representa-

tion of
!

X

S . Assumethat there are no constraints which
are weakly active for all


æ$ò!

X

S and that ‹��

Ÿ
Ï�
�������


ŸÍÌ��

doesnot havelinearly dependentrows.Let
!

X

Ÿ

be a full-
dimensionalneighboringcritical region to

!

X

S , and let Ê

be their commonfacet with Ê

�æ!

X

S

º

¹ and ¹ is the
Type I hyperplane‹

ŸÍÌ�ÎœÏ

ˆ
›

S

��
W�z�

Œ

Ÿ9ÌmÎÉÏ

�3•

Ÿ9ÌmÎÉÏ




. Sup-
pose‹��

Ÿ Ï

�������


Ÿ
Ì



Ÿ

Ì�ÎœÏ
�

haslinearly dependentrows,such that
LICQ is violatedat Ê . Then,if there is a feasiblesolution
in

!

X

Ÿ

, theoptimalactivesetin
!

X

Ÿ

consistsof constraint
¢

P

C�N andsomesubsetof
;

¢

N

�

]9]k]

��¢

PÉZ .

Proof: Clearly, ‹��

Ÿ
Ï�
�������


ŸÍÌ



Ÿ9ÌmÎÉÏ��

collectstheactiveconstraints
at the optimal solution for


3$

Ê . Considernow vectors


in the interior of
!

X

Ÿ

. The active sets
;

¢

N

�

]9]k]

��¢

P

C�N

Z or
any active set including constraint

¢

P

C

Ç

can be excluded
usingsimilarargumentsasin theproofof Theorem2. Next,
assumethat

;

¢

N

�

]9]9]

�m¢

P

LON

Z is the optimal active setin
!

X

Ÿ

.
TheKKT conditions(5)-(8) togetherwith the full row rank
of ‹

�

Ÿ Ï

�������


Ÿ
Ì��ÉÏ

�

gives that for each

"$�!

X

Ÿ

(also on the
facets)thereis a uniquesolutionto

‰

ˆ

���

‹

�

Ÿ Ï

�������


Ÿ
Ì��ÉÏ

���

A

ž

�

ŸÍÏ

�������


Ÿ
Ì��ÉÏ

�

�»o

�

(16)
ž

�

Ÿ
Ï�
�������


Ÿ
Ì��ÉÏ

�

ƒ

o

�

ž

¼

�"o

for all
¿

×

$

;

¢

N

�

]k]9]

�m¢

P

LON

Z

Note that this solution still is uniqueat Ê , since
ž

ŸkÐ

�æo

for all
¢

¼
×

$

;

¢

N

�

]k]9]

��¢

P

LON

Z . But in
!

X

S we have a unique
solutionto

‰

ˆ

���

‹

�

ŸÍÏ
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Ÿ
Ì
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Ÿ
Ð

�»o

for all
¢

¼
×

$

;

¢

N

�

]9]k]

��¢

P
Z
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Due to continuity both of thesesolutionsare valid on Ê .
This is a contradictionbecausethe solutionsare unique,
while we require

ž

Ÿ Ì

�"o

and
ž

Ÿ Ì

ƒ

o

. Theonly remaining
possibility is that the optimal active set in

!

X

Ÿ

consistsof
¢

P

C�N anda subsetof
;

¢

N

�

]9]k]

��¢

P[Z . ³

Theorem 4 Make the sameassumptionsas in Lemma1.
Considerthe following LP:
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�! #"

Ï�$ % % % $

"

Ì

$

"

Ì�ÎœÏ'&
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Ÿ Ì�ÎœÏ

(18)

Š ]
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 Ÿ Ì�ÎœÏ ���

A

ž

�

Ÿ Ï 
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(19)
ž

�

Ÿ Ï�
�������
 ŸÍÌ 
 Ÿ9ÌmÎÉÏ'�

x

o

�

(20)

for some



S on Ê . If this LP has a boundedsolution,
the optimal active set in

!

X

Ÿ

consistsof the elementsof
;

¢

N

�

]k]9]

�m¢

P

��¢

P

C�N

Z with
ž

Ÿ Ð

ƒ

o

in the solution. If the LP
is unbounded,

!

X

Ÿ

is an infeasiblearea of the parameter
space.

Proof: Thesolution
ˆ1›

��
W�

to (5)-(8)on Ê is known from the
solutionin

!

X

S . TheoptimalLagrangemultipliers
ž

›

��
W�

on
Ê is thencharacterizedby (19)-(20).Thesolutionto (5)-(8)
in

!

X

Ÿ

mustbe valid alsoon Ê , in particular,
ž

›

Ÿ

��
W�

must
satisfy (19)-(20)on Ê . From Lemma1, the optimal active
setin

!

X

Ÿ

�

consistsof constraint
¢

P

C�N andapropersubsetof
;

¢

N

�

]k]9]

�m¢

P
Z . Therefore,theremustbea solutionon Ê which

satis�es
�

ž

ŸÍÌ�ÎœÏ

Ÿ

�

›

��
T�

ƒ

o

and
�

ž

Ÿ Ð

Ÿ

�

›

��
T���jo

for at least

one
¢

¼

$

;

¢

N

�

]9]9]

�m¢

PœZ . With a �x ed
ž

ŸÍÌ�ÎœÏ

�3o

, (19) de�nes
”

†

equationsin
h

unknowns ( ”

†

x¯h

). But thereexists a
solutionfrom

!

X

S , suchthata reducedsetof equationscan
bede�ned with

h

equationsin
h

unknowns.When
ž

Ÿ
ÌmÎÉÏ

x

o

, (19) consistsof
h

equationsin
h

�•�

unknowns, andž

Ÿ
Ð

�)(

Ÿ
Ð

�

ž

Ÿ
ÌmÎÉÏ

�

for any
¢

¼

$

;

¢

N

�

]k]9]

�m¢

PÉZ , where
(

Ÿ
Ð

is an
af�ne function. When

ž

Ÿ
Ì�ÎœÏ

� o

, the solutionof (19)-(20)
has

ž

Ÿ Ð

ƒ

o

for all
¢

¼

$

;

¢

N

�

]k]9]

�m¢

P
Z (dueto minimality and

no weakly active constraintsfor all



in
!

X

S ). To �nd a
solutionwhich satis�esLemma1,

ž

Ÿ
Ì�ÎœÏ

mustbe increased
from zero until

ž

Ÿ Ð

�ìo

for some
¢

¼

$

;

¢

N

�

]9]k]

��¢

PÉZ . This
is the only solution of (19)-(20) which satis�es Lemma1
becauseif

ž

ŸÍÌ�ÎœÏ

is increasedfurther,
ž

Ÿ
Ð

�*(

Ÿ
Ð

�

ž

Ÿ9ÌmÎÉÏ

�

€

o

(since
(

Ÿ
Ð

is an af�ne function). ³

Constraintsthat areweakly active for all



in a critical re-
gion,canbehandledaccordingto thefollowingresult,which
canbeprovensimilarly to Theorem2.

Theorem 5 Make the sameassumptionsas in Theorem2,
exceptthat now constraint

¢

N is weaklyactive for all

�$

!

X

S .

TypeI If ¹ is given by ‹

Ÿ
Ì�ÎœÏ

ˆ1›

S

��
T�4�

Œ

Ÿ
Ì�ÎœÏ

�µ•

Ÿ
ÌmÎÉÏ




,
thentheoptimalactivesetin

!

X

Ÿ

is
;

¢

N

�

]9]k]

��¢

P

�m¢

P

C�N

Z or
;

¢ÈÇ=�

]9]k]

��¢

P

�m¢

P

C�N

Z .
TypeII If ¹ is givenby

ž

Ÿ
Ì

S

��
T�u�"o

, thentheoptimalactive
setin

!

X

Ÿ

is
;

¢

N

�

]k]9]

��¢

P

LON

Z or
;

¢ÕÇa�

]k]9]

��¢

P

LON

Z .

Example 1 (cont'd). We want to show how to handlethe
casewhenLICQ is violatedat a facet.First, noticein Fig-
ure 2 that the polyhedramadefrom ¤ ó and ¤ ô areneigh-
boring polyhedra,but still there are two elementsin ¤ ó

which are different from ¤«ô . This is causedby a viola-
tion of LICQ on the hyperplaneseparatingtheseregions.
Assumewe have found

!

X

ó , and try to detect
!

X

ô . We
crossa hyperplaneof Type 1, which de�nes their common
facet Ê . This hyperplanesaysthat constraint6 is becom-
ing active at the optimal solution for


j$

Ê . Sincecon-
straint 1 and 2 was active in

!

X

ó , constraints
;

�

�

‡

�

é

Z

are active at the optimal solution for

 $

Ê . This obvi-
ously leads to linear dependenceamong the elementsin

‹ ª , and Theorem4 is applied to �nd the optimal active
set acrossÊ . A point




S

$

Ê is neededto initialize the
LP (18 )-(20), andin this casewe use




S

�¯|

q

�

] +

o

] ð

•

A

.

We thensolve theLP (18 )-(20):
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�

¡
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ž

�

N




Ç




-

�

�·o

�

ž

�

N




Ç




-

�

x

o

. The solution of

this LP is
ž

�

N




Ç




-

�

� î

o

]

�=�Üo

ð±]

‡

á�ï

A

. Hence,
ž

Ç

should
be removed from the active set,and the optimal active set
in

!

X

ô is
;

�

�

é

Z , asexpected.Next, considercrossingthe
facetdrawn as a thick segment in Figure 2f. The optimal
active set in

!

X

N is
;

�

Z , andthe inequalitycorresponding
to thefacetsaysthatconstraint7 is beingactivated.‹

N

and
‹0/ are linearly dependent,so LICQ is violated.We there-

fore solve the LP (18)-(20),with



S

�
î

q

o

]

‡

+

q

o

]

á=á
ï

A

:
5

���

�

 

Ï

$ 1

&

ž

/

�

Š
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]

‰

ˆ

�

 

‹��

N




/

�

¡

A

ž

�

N




/

�

�»o

�

ž

�

N




/

�

x

o

. The

solution to this LP is unboundedand accordingto Theo-
rem4, we havereachedaninfeasiblepartof thestatespace,
which is easilyveri�ed. ³

6 Off-Line Mp-QP Algorithm

Basedontheresultsof Sections3,4 and5,we�nally present
anef�cient algorithmfor thecomputationof thesolutionto
the mp-QP(3)-(4). Generally, thereexist active setswhich
arenot optimalanywherein theparameterspace(typically,
most active setsare not optimal anywhere).We needan
active setwhich is optimal in a full-dimensionalregion to
startthealgorithm.Generallywe cando this by choosinga
feasible




, and�nd theoptimalactivesetfor this



bysolving
aQP. Thiscanbeavoidedin thespecialcasewhenwesolve
alinearMPCproblem,wherein generaltheregionwhereno
constraintis active at the optimumis full dimensional,and
we canchoosethe active set ¤

S

�•ñ

(see(Bemporadand
Filippi, Conditionally acceptedfor publicationwith minor
revisions,Lemma6)).

Let
ü3254

(76

be a list of active setswhich are found, but not
yet explored (i.e., are candidatesfor optimality) and

ü985:

B

be thesetof active setswhich have beenexplored(i.e., are
foundto beoptimal).

6



Algorithm 1
Choosethe initial active set ¤

S as in (Bemporadet al.,
acceptedfor publication,Prop.2); Let

ü;254

(76=<

;

¤

S Z ,
ü 8#:

B

<

ñ

;
while

ü 254

(76

À

�»ñ

do
Pickanelement¤ from

ü 254

(76

.
ü 254

(76 <

ü 254

(76

Ö

;

¤

Z ;
Build the matrices‹ ª , Œ3ª and

•

ª from ¤ andde-
terminethe local Lagrangemultipliers,

ž

ª

��
T�

andthe
solution

ˆ

��
T�

from (10 ) and(9);
Find the

!

X where ¤ is optimal from (12) and(13),
and remove all hyperplanesfrom

!

X which are not
coincidentto hyperplanesin theminimalrepresentation
of

!

X ;
if

!

X is full-dimensionalthenü385:

B

<

ü385:

B

Ø

;

¤

Z ;
for eachfacet Ê in

!

X do
Find theoptimalactiveseton Ê by examiningthe
typeof hyperplaneÊ is givenby;
Find any possibleoptimal active setsin

!

X

Ÿ

ac-
cordingto Theorem2,Corollary1,Theorem4 and
Theorem5. If noneof theseare applicable,�nd
theactivesetin

!

X

Ÿ

by solvingaQPasin (Tøndel
et al., 2001b);
For any new active set ¤

(7>@?

found, let
ü 254

(76 <

üA254

(76

Ø

;

¤

(7>5?

Z

end for
end if

end while

An estimateof the cost for solving the mp-QP(3)-(4) by
differentalgorithmsis given below. This estimateis given
by thenumberof LP's/QP's which hasto besolved,asthis
is themaincost.For Algorithm 1 this is givenby

B

Final # regions

foundby thealgorithm CED

B

# LPsper region

for redundancy checkC

�

andthe main costof the algorithmfrom (Bemporadet al.,
2002)is

B

Final # regions

foundby thealgorithmC
D

B

# LPsper region

for redundancy checkC

�

B

Total #

regionsexploredCEDEF G

GH

# LPs for red.check

+1 LP to �nd interior point

+1 QPto �nd active set

I�J

J

K

]

Consequently, thedifferencebetweenthe two algorithmsis
the last term, which is due to the extra partitioning into
regions X

Ÿ

, as in �gure 1. The removal of redundantcon-
straintsfrom polyhedrais doneby solvingoneLP for each
hyperplane.Thecostof thealgorithmof (Seronetal., 2000),
which only handlesinput constraints,is

ê
([—

D

B

# LPsper region

for redundancy checkC

]

Example 2. We comparetheef�ciency of Algorithm 1, the
algorithmof (Bemporadet al., 2002)andthe algorithmof
(Seronet al., 2000)on the doubleintegratorexamplefrom
(Bemporadet al., 2002) in Table 1. All the computation
timesareachievedon a 650MHz PentiumIII runningMat-
lab 5.3,usingtheNAG FoundationToolboxto solve LP/QP
subproblems.In this example,both algorithm1 andthe al-
gorithmof (Bemporadetal., 2002)spendmorethan60%of
the time on removing redundantconstraintsfrom the poly-
hedra,accordingto the previouscomplexity analysis.Note
thatsymmetriesof this MPC problemcouldbeexploitedto
furtherdecreasecomputationtimes.

Table1
Numberof regionsexploredandcomputationtimesfor Algorithm
1 andthealgorithmof (Bemporadet al., 2002)for Example2. We
have also addedthe numberof solutionsthat would be explored
by thealgorithmof (Seronet al., 2000).In this example,the �nal
numberof regions in the solution is the sameas the numberof
regionsexploredby Algorithm 1

Hor. Alg. 1 Alg. fr om L Alg. fr om M

2 [9, 0.14s] [15, 0.77s] [9, –]

3 [19, 0.33s] [39, 2.63s] [27, –]

4 [33, 0.64s] [79, 5.60s] [81, –]

5 [51, 1.14s] [131, 9.01s] [243, –]

6 [73, 1.79s] [205, 16.48s] [729, –]

7 [99, 2.65s] [261, 22.74s] [2187,–]

8 [125, 3.62s] [329, 30.98s] [6561,–]

9 [143, 4.58s] [393, 39.71s] [19683,–]

10 [157, 5.39s] [415, 44.82s] [59049,–]

Example 3 The laboratorymodel helicopter(Quanser3-
DOF Helicopter)describedin (TøndelandJohansen,2002)
sampledwith

Ûý� o

]

o™�

Š , and the following statespace
representationis obtained

�»�

NO

O

O

O

O

O

O

O

O

OP

� o o

]

o±�ío o'o

o � o o

]

o™�Üo'o

o o � o o'o

o o o �°o'o

o

]

o™� o o o �Üo

o o

]

o±�ío o o²�

QSR

R

R

R

R

R

R

R

R

R

T

�

�}�

NO

O

O

O

O

O

O

O

O

OP

o o

o

]

o[o=o±�

q

o

]

o[o=o™�

o

]

o[o™�ëèßo

]

o=o±�^è

o

]

o±�^ê

‡

q

o

]

o±�^ê

‡

o o

o o

QSR

R

R

R

R

R

R

R

R

R

T

Thestatesof thesystemare



N - elevation

L (Bemporadet al., 2002)
M (Seronet al., 2000)
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Ç

- pitch angle


ó - elevationrate



ô - pitch anglerate


ö - integral of elevationerror


-

- integral of pitch angleerror

The inputsto thesystemare
�

N - front rotor power�

Ç

- rearrotor power

Thesystemis to beregulatedto theorigin with thefollowing
constraintson the inputsandpitch andelevationrates:

q

�

d

�

N

d

ê

q

�

d

�

Ç

d

ê

q

o

] ð[ð d




ó

d

o

] ð=ð

q

o

]

é

d




ô

d

o

]

é

TheLQ costfunction is givenby

U

�

diag
���^o[o

�

�ëo=o

�

�^o

�

�ëo

�

ð

o=o

�

‡

o[o=�

X

�VU

Ç

/

Ç

and F is givenby thealgebraicRiccatiequation.

Thesystemisoptimizedwith ahorizonof 50samples,andas
is commonin MPCimplementations,inputparameterization
hasbeenusedto reducethedimensionsof theoptimization
problem.Table2showsthenumberof regionsin thepartition
and computationtimes using 1, 2, 3 and 4 parametersto
describethecontrol input.

Table2
Computationtimes,helicopterexample

Horizon Algorithm 1 Number of regions

1 1.1 s 33

2 18.9 s 395

3 163.2s 2211

4 1830.0s 12223

³

7 Conclusions

In this paperwe have proposeda new approachfor solv-
ing mp-QPproblemsgiving off-line piecewiseaf�ne explicit
solutionsto MPC controlproblems.Beingbasedon theex-
ploitation of direct relationsbetweenneighboringpolyhe-
dral regionsandcombinationsof active constraints,we be-
lieve that our contribution signi�cantly advancesthe �eld
of explicit MPC control, both theoreticallyandpractically,
asexampleshave indicatedlarge improvementsof compu-
tationalef�ciency over existing mp-QPalgorithms.
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