An Algorithm for Multi-P arametric Quadratic Programmingand
Explicit MPC Solutions

PetterTandel , Tor Arne Johansen, AlbertoBemporad

Departmentof EngineeringCyberneticsNorwegian University of Scienceand Technolayy, 7491 Trondheim,Norway

Dipartimentodi Ingegneria dell'Informazione University of Siena,53100Siena,ltaly

ETH Zentrum,8092 Zurich, Switzerland

Abstract

Explicit solutionsto constrainedinear MPC problemscan be obtainedby solving multi-parametricquadraticprograms(mp-QP)where
the parametersare the componentof the statevector We study the propertiesof the polyhedralpartition of the statespaceinducedby
the multi-parametricpiecavise af ne solution and proposea nev mp-QP solver. Comparedto existing algorithms,our approachadopts
a different exploration stratgyy for subdviding the parameteispace avoiding unnecessarpartitioning and QP problemsolving, with a

signi cant improvementof ef ciency.
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1 Intr oduction

Our motivationfor investigatingmulti-parametricquadratic
programmingmp-QP)comesfrom linear Model Predictve
Control (MPC). This refersto a classof controlalgorithms
that computea manipulatedvariabletrajectoryfrom a lin-
earprocesanodelto minimize a quadraticperformancen-
dex subjectto linear constraintson a prediction horizon.
The rst control input is then appliedto the process.At
the next sample measurementareusedto updatethe opti-
mization problem,andthe optimizationis repeatedin this
way, this becomes closed-loopapproachTherehasbeen
some limitation to which processesMPC could be used
on, dueto the computationallyexpensve on-line optimiza-
tion which was required.There hasrecentlybeenderived
explicit solutionsto the constrainedViPC problem,which
could increasethe areaof usefor this kind of controllers.
Explicit solutionsto MPC problemsarenot mainly intended
to replacetraditionalimplicit MPC, but ratherto extendits
areaof use. MPC functionality can with this be applied
to applicationswith samplingratesin the -secrange,us-
ing low costembeddedhardware. Software compleity and
reliability is also improved, allowing the approachto be
usedonsafety-criticabpplicationsMethoddfor ef cient on-
line implementatiorof PWA function evaluationin explicit
MPC hasbeendevelopedby exploiting corvexity (Borrelli
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etal., 2001)or anassociatethinarysearctreedatastructure
(Tendeland Johansen2002; Tgndelet al., submitted).In-
dependentvorks by (Bemporadet al., 2002),(Bemporacet
al., 200(), (Johansermt al., 2000)and(Seronet al., 2000)
have reportedhow a piecavise afne (PWA) solution can
be computedoff-line, while the on-line effort is limited to
evaluatethis PWA function. In particular in (Bemporadet
al., 2002)and (Bemporadet al., 200(b) sucha PWA func-
tion is obtainedby treatingthe MPC optimizationproblem
asaparametrigorogram.Parametricorogrammings aterm
for solving an optimizationproblemfor a rangeof param-
eter values.One can distinguishbetweenparametricpro-
gramsjn whichonly oneparameteis consideredandmulti-
parametrigrogramsin whichavectorof parametergs con-
sidered.The algorithmreportedin (Bemporadet al., 2002)
is the only mp-QPalgorithmknown to the authorsfor solv-
ing generallinear MPC problems,while single parameter
parametricQP is treatedin (Berkelaaret al., 1997). Multi-
parametric.P (mp-LP)is treatedn (Gal,1995)and(Borrelli
etal., 2000),mp-LPin connectiorwith MPCbasednlinear
programmings investigatedn (Bemporadet al., accepted
for publication),and multi-parametricmixed-integer linear
programming(Dua andPistikopoulos,to appear)s usedin
(Bemporacdet al., 2000) for obtainingexplicit solutionsto
hybrid MPC. The mp-LP algorithmof (Gal, 1995)andthe
mp-QP algorithm presentedn this paperare similar, but
while (Gal,1995)usessimplex stepgo solvethemp-LP our
algorithmproceedssimilar to an active setQP solver. The
problemof reducingthe compleity of the PWA solutionto
linearquadratioViPC problemsis addresseth (Johansemt
al., 1999;BemporadcandFilippi, Conditionallyacceptedor
publicationwith minorrevisions),andef cient on-linecom-
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putationscheme®f explicit MPC controllersare proposed
in (Borrelli et al., 2001). This paperextendsthe theoreti-
cal resultsof (Bemporadet al., 2002),by analyzingseveral
propertieof thegeometryof the polyhedralpartitionandits
relationto the combinationof active constraintsat the opti-
mum of the quadraticprogram.Basedon theseresults,we
derive anew explorationstrateyy for subdviding the param-
eterspacewhichavoids(i) unnecessarpartitioning,(ii) the
solutionto LP problemsfor determininganinterior pointin
eachnew regionof theparametespaceand(iii) thesolution
to the QP problemfor suchan interior point. As a conse-
guencethereis asigni cantimprovementf ef ciency with
respecto the algorithm of (Bemporadet al., 2002). Some
preliminaryresultswerepresenteéh (Tgndeletal., 2001a).

2 From Linear MPC to an mp-QP Problem

The main aspectsof formulating a linear MPC problem
as a mp-QP will be repeatedhere for corvenience(see
(Bemporadet al., 2002) for further details). Considerthe

linear system

1)
where is the statevector, is the input
vector, and is a control-
lablepair. Forthecurrent , MPC solvestheoptimization
problem

)

with respecto , Where
and is the predictionof at time
. Whenthe nal costmatrix andgain arecalculated

from the algebraicRiccati equation,underthe assumption
that the constraintsare not active for , (2) exactly
solvetheconstrainedin nite-horizon) LQR problemfor (1)
with weights , (seealso(SznaierandDambog, 1987),
(Chmielavski and Manousiouthakis,1996) and (Scokaert
andRawlings, 1998)). For simplicity we considerthe regu-
lator problem(2), but the algorithmdevelopedin this paper
is directly applicableto trackingand measuredlisturbance
rejectionproblemsasdescribedn (Bemporadetal., 2002).
Theseproblemscanby somealgebraicmanipulationbe re-
formulatedas

- (3)
(4)

where and is the currentstate,
which can be treatedas a vector of parametersNote that
since . The numberof inequalitiesis denoted
by andthe numberof free variablesis Then
The problem we conS|derhere is to
nd the solution of the optimizationproblem(3)—(4) in an
explicit form . Bemporackt.al. (Bemporacdet
al., 2002)shonvedthatthe solution (and )
is a continuousPWA function de ned over a polyhedral
partition of the parameteispaceand is a convex
(andthereforecontinuous)pieceavise quadraticfunction.

3 Background on mp-QP

As shown in (Bemporadet al., 2002),the mp-QP problem
(3)-(4) canbe solved by applyingthe Karush-Kuhn-Tucker
(KKT) conditions

(5)
(6)
)
(8)

For easeof notationwe write  insteadof . Inthesequel,
let the superscriptindex denotea subsetof the rows of a
matrix or vector Since  hasfull rank, (5) gives

9)

De nition 1 Let betheoptimalsolutionto (3)-(4) for
agiven . We de ne active constraintsthe constaints with
, andinactive constraintsthecon-
straints with . Theoptimal active
set is thesetof indicesof activeconstaintsat theop-
timum, . We also de-
ne asweaklyactive constraintan activeconstaint with an
associateden Lagrange multiplier , andasstronglyac-
tive constraintan activeconstaint with a positiveLagrange
multiplier

Assumefor the momentthat we know the set  of con-
straintsthat are active at the optimum for a given . We
cannow form matrices and ,andthelLagrange
multipliers , correspondingdo the optimal active set

De nition 2 For an activeset,we saythatthelinear inde-

pendenceconstraint quali cation (LICQ) holdsif the set

of activeconstaint gradientsare linearly independenti.e.,
hasfull row rank.

Assumingthat LICQ holds,(6) and(9) leadto
(10)
EqQ. (10) cannow be substitutednto (9) to obtain

(11)



We have now characterizethesolutionto (3)-(4) for agiven
optimal active set ,anda x ed . However,
aslongas remaingheoptimalactivesetin aneighborhood
of , the solution (11) remainsoptimal, when is viewed
asafunctionof . Suchaneighborhoodvhere is optimal
is determinedby imposingthat mustremainfeasible(8)

(12)
and that the Lagrange multipliers  must remain non-

negative (7)
(13)

Equations(12) and (13) describea polyhedronin the state
space.This region is denotedas the critical region
correspondingdo the givenset  of active constraintsjs a
corvex polyhedralset,andrepresentshe largestset of pa-
rameters suchthatthecombination of active constraints
at the minimizeris optimal (Bemporadet al., 2002).

The recursve algorithmof (Bemporadet al., 2002) canbe
brie y summarizedsfollows: SolveanLPto nd afeasible
parameter , where is therangeof parametersor
which the mp-QPis to be solved. Solve the QP (3)-(4) with
, to nd the optimal actve set for , andthen

use(10)-(13)to characterize¢he solutionandcritical region

correspondingo . Thendivide the parametespace
asin Figure 1b-c by reversingone by onethe hyperplanes
de ning the critical region. Iteratively subdvide eachnew
region in asimilar way aswasdonewith . The main
drawback of this algorithm s that the regions  are not
relatedto optimality, asthey cansplit someof the critical
regionslike in Figurel1d. A consequences that
will bedetectedat leasttwice.

X

-

a) b)
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Fig. 1. Statespaceaxplorationstrateyy of (Bemporadetal., 2002).

c) d)

The following theoremcharacterizeghe primal and dual
parametricsolutions,andwill be usefulin the sequel.

Theorem 1 Consider Problem (3)-(4) with . Let
be a polyhedon. Then the solution and
the Lagrange multipliers of a mp-QPare piecevise

af ne, functionsof the parametes , and is continu-
ous.Moreover, if LICQ holdsfor all , is also
continuous.

Proof: Follows easilyfrom uniquenesgdueto and
LICQ) of and , cf. (Bemporadet al., 2002),

(Fiacco,1983).

4 Characterization of the Partition

Below, we denoteby thelinearexpressiorof the PWA
function over the critical region

De nition 3 Leta polyhedon be representedy
the linear inequalities . Let the hyperplane
bedenotedoy . If is ( )-dimensional

then is called a facet of the polyhedon.

De nition 4 Two polyhedr are called neighboring poly-
hedm if they havea commorfacet.

De nition 5 Letapolyhedon berepresentedy
. e saythat is redundantif
(i.e., it canberemoredfromthe descriptionof
the polyhedon). Theinequality is redundantwith degree
if it is redundantandthere existsa -dimensionakubset
of  sud that for all

De nition 6 A representatiorof a polyhedon (12)-(13)is
-minimal if all redundantonstaintshavedegree Lt
is minimal if there are no redundantconstaints.

Clearly, a representatiomf a polyhedron is min-
imal if it containsall inequalitiesde ning facets,anddoes
not containtwo or morecoincidenthyperplaned_et uscon-
sidera hyperplanale ning the commonfacetbetweenwo
polyhedra , in the optimal partition of the state
spaceTherearetwo differentkindsof hyperplanesThe rst
(Typel) arethosedescribedy (12),whichrepresentanon-
active constraintof (4) that becomesactive at the optimum
as movesfrom to . As provedin the following
theoremthis meanghatif a polyhedronis boundecdby a hy-
perplanavhich originatesfrom (12),the correspondingon-
straintwill beactivatedon theothersideof thefacetde ned
by this hyperplaneln addition,the correspondindg.agrange
multiplier may becomepositive. The otherkind (Typell) of
hyperplanesvhich boundthe polyhedraarethosedescribed
by (13). In this case,the correspondingonstraintwill be
non-actve on the otherside of the facetde ned by this hy-
perplane.

Theorem 2 Consideran optimal active set

andits correspondingninimal representatiorof the critical

region obtainedby (12)-(13)after remwingall redun-
dantinequalities.Let be a full-dimensionalneighbor

ing critical regionto andassumd.ICQ holdson their
commonfacet whee is the sepaating
hyperplanebetween and . Moreover, assumehat
there are no constiaints which are weaklyactive at the op-
timizer for all . Then:



Typel If is givenby ,
thenthe optimal activesetin is

Typell If isgivenby thentheopt|malact|ve
setin is

Proof: Letus rst prove Typel. In orderfor someconstraint
not to bein the optimal active setin ,
by continuity of (dueto Theoreml andLICQ), it fol-

lowsthat for all . Sincethere
areno constraintsvhich areweakly active for all ,
this would meanthat constraint becomesnon-actve at

. But this contradictsthe assumptiorof minimality since

and would be
coincident.Onthe otherhand cannotbetheop-
timal active seton because is the largestset of
's suchthat is the optimal active set. Then,the
optimal active setin is a supersebf . Now

assumehat anotherconstraint is active in . That
means in , andby con-
tinuity of , the equality also holds for . How-
ever, would then coincide
with , which contradictghe
assumptiorof minimality. Thereforeonly

canbe the optimal active setin . The proof for Typell

is similar.

Corollary 1 Considerthe sameassumptiongasin Theoem

2, exceptthat the assumptiorof minimality is relaxedinto

( )-minimality; i.e., two or more hyperplanesan coin-

cide Let bethesetof indicescorresponding
to coincidenthyperplanesn the ( )-minimal represen-
tation of (12)-(13)of

Everyconstaint whele is active
in .
Everyconstaint wheiwe isinac-
tivein

We remark that coincidenthyperplanesare rare, as from
(12)-(13) one can seethat specialstructuresof , ,
, and arerequiredfor two or more hyperplanego be
coincident. Anyway, whenfor instancetwo hyperplanesre
coincident,by Corollary 1 there are three possibleactive
setswhich have to bechecledto nd the optimalactive set
in
One should always a priori remove redundantconstraints
from . This reducesthe compleity of the
mp-QR andmay alsoavoid somedegeneraciegseeSection
5).

Example 1. Considerthe doubleintegrator(Johanseietal.,
2000)

wherethe samplinginterval , and considerthe

MPC problemover the predictionhorizon with cost
matrices , . The constraintsn the
systemare . The mp-QP

associateavith this problem hastheform (3)-(4) with
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Fig. 2. Critical regionsfor doubleintegrator

We start the partitioning with the region where no con-
straintsareactive,whichis full-dimensionabecaus¢hemp-
QP is createdfrom an MPC problemwhereupper (lower)
boundson inputs and outputsare strictly positive (nega-
tive), see(BemporadandFilippi, Conditionallyacceptedor
publicationwith minor revisions, Lemma 6). This means
that ,and and are empty matrices,
andthe rst componenbf is the uncon-
strainedLQR law. This critical region is thendescribedby
which containsightinequalitiesTwo of these
inequalitiesare redundantwith degree O (#2 and #4), the
remainingsix hyperplanesrefacetinequalitiesof the poly-
hedron(seeFigure2a). By crossingthe facetgivenby
de ned by inequality1l andof Typel, aspredictedby The-
orem2 the optimal active setacrosghis facetis
which leadsto the critical region (seeFigure2b). Af-
ter removing redundantnequalitieswe areleft with a mini-
mal representatiomwf containingfour facets.The rst
of theseis of Type I, . The other three are of
Typel. Theseareinequalities#2, #6 and#7. Consider rst
the other side of the facetwhich comesfrom
seeFigure 2c. The region shouldnot have constraintl ac-
tive, so the optimal active setis . This is the same
combinationof active constraintas asexpectedso
is not pursuedNext, considercrossingthe respectre facets
of inequalities2, 6 and 7, seeFigures2d—2f. This resultsin



threedifferentactive sets: and
and leadtonew polyhedraasshcwn in
the gures. Thecombination leadsto aninterestingcase
of “degenerag”: Theassociateanatrix haslinearly de-
pendentows, which violatesthe LICQ assumptionin this
case, leadsto an infeasiblepart of the statespace.A
generatreatmenbf degenerag is givenin the next section.

Theorem2 and Corollary 1 shov how to nd the optimal
active set acrossa facetonly by using the knowledge of
which kind of hyperplanethe facetcorrespondgo, except
in degeneratecaseswhich is the topic of the next section.

5 Degeneracyin mp-QP

We have so far assumedhat LICQ holds on the common
facet betweentwo polyhedra,and that there are no con-
straintswhich are weakly active for all ~ within a critical
region. Such casesare referredto as degenerateWe will
rst considerhow to handlecasesvhereLICQ is violated,
andthenconsiderweakly active constraints.

Theorem 3 Consider a generic combination

of active constaints and assumehat the corre-
spondingrows are linearly indepen-
dent. If LICQ is violated, then the correspondingcritical
region is not full-dimensional.

Proof: Let the active constraintshe

SinceLICQ is violated, hasnotfull rankanda reduced
setof equat|0n$anbede nedwithoutchanginghesolution
. Assumewithoutlossof generality

that
(14)
where ,and arerow-vectorsand is ascalar Let
and be the critical regionswherethe active sets
correspondingo and |, respectiely, areoptimal. The
solution is within both
and , where ,
. It is clearthat
and
(15)
If or it follows that

is not a full-dimensional subspaceof , and since

, neither is
hold, i.e., and
not full rank, , Where

. Supposethis does not
. Since has
is a row-vector and

. Then, there is
lineardependencbetweerrows of ,
a contradiction.

In an MPC problemone might avoid full-dimensionalcrit-

ical regionswith violation of LICQ by simply slightly per

turbingtheweightmatricesandthe constraintswithout pro-

ducingsigni cant changef the closed-loopbehaior. On

the other hand,in somesituationsthis may not be possi-
ble, for instanceequality constraintssuchasterminal state
constraints , would lead to violation of LICQ

(cf. (Berkelaaret al., 1997, Example6.3)). In suchcases,
full-dimensionalcritical regionscanbe handledby solving

a QR asin (Tgndeletal., 2001b).

Next Theoremd providesamethodto nd theoptimalactive
setin a neighboringregion alsowhenLICQ is violatedon
the commonfacet. Before proceedingfurther, we needa
technicalLemma.

Lemma 1 Let the optimal active setin a critical region
be , and consideran minimal representa-
tion of . Assumethat there are no constaints which
are weakly active for all and that
doesnot havelinearly dependentows. Let be a full-
dimensionaheighboringcritical region to , andlet
be their commonfacet with and s the
Type | hyperplane . Sup-
pose haslinearly dependentows,sud that
LICQ is violatedat . Then,if there is a feasiblesolution
in , the optimal activesetin consistof constaint
and somesubsebf

Proof: Clearly, collectstheactiveconstraints
at the optimal solution for . Considernow vectors
in the interior of . The active sets or
ary active set including constraint can be excluded
usingsimilar argumentsasin the proof of Theorem2. Next,
assumehat is the optimal active setin .
The KKT conditions(5)-(8) togetherwith the full row rank

of givesthat for each (alsoon the
facets)thereis a uniquesolutionto
(16)
for all
Note that this solution still is uniqueat , since

for all . Butin

solutionto

we have a unique

(17)

for all



Due to continuity both of thesesolutionsare valid on
This is a contradictionbecausethe solutionsare unique,

while we require and . The only remaining
possibility is that the optimal active setin consistsof
anda subsebf

Theorem 4 Make the sameassumptionsas in Lemmal.
Considerthe following LP:

(18)

(19)
(20)

for some on . If this LP has a boundedsolution,
the optimal active setin consistsof the elementsof

with in the solution. If the LP
is unbounded, is an infeasiblearea of the parameter

space

Proof: Thesolution to(5)-(8)on isknownfromthe
solutionin . TheoptimalLagrangemultipliers on
is thencharacterizedby (19)-(20).The solutionto (5)-(8)

in mustbe valid alsoon , in particular must
satisfy (19)-(20)on . From Lemmal, the optimal active
setin consistf constraint andapropersubsebf
. Thereforetheremustbea solutionon  which

for at least

one . With a x ed , (19) de nes

equationsin  unknawns ( ). But thereexists a
solutionfrom , suchthatareducedsetof equationgan
bede ned with equationgn unknowvns.When

satis es and

, (19) consistsof  equationsin unknawvns, and
for ary , Where isan

afne function. When , the solutionof (19)-(20)
has for all (dueto minimality and
no weakly active constraintsfor all  in ). To nd a
solutionwhich satis esLemmal, mustbeincreased
from zero until for some . This

is the only solution of (19)-(20) which satis esLemmal
becausef is increasedurther,
(since isanafne function).

Constraintghat areweakly active for all  in a critical re-
gion,canbehandledaccordingo thefollowing result,which
canbe provensimilarly to Theorem?2.

Theorem5 Make the sameassumptionssin Theoem 2,
exceptthat now constaint  is weaklyactive for all

Typel If is givenby ,
thenthe optimal active setin is or

Typell If isgivenby
setin is or

, thentheoptimalactive

Example 1 (cont'd). We want to shav how to handlethe
casewhenLICQ is violated at a facet.First, noticein Fig-
ure 2 that the polyhedramadefrom and areneigh-
boring polyhedra,but still there are two elementsin

which are differentfrom . This is causedby a viola-
tion of LICQ on the hyperplaneseparatingheseregions.
Assumewe have found , andtry to detect . We
crossa hyperplaneof Type 1, which de nes their common
facet . This hyperplanesaysthat constraint6 is becom-

ing active at the optimal solution for . Since con-
straint 1 and 2 was active in , constraints
are active at the optimal solution for . This obvi-

ously leadsto linear dependencemongthe elementsin
, and Theorem4 is appliedto nd the optimal active
setacross . A point is neededto initialize the

LP (18)-(20), andin this casewe use
We thensolwe the LP (18)-(20):

. The solution of

this LP is . Hence, should

be removed from the active set,andthe optimal active set
in is , asexpected.Next, considercrossingthe
facetdrawn as a thick sgmentin Figure 2f. The optimal
active setin is , andthe inequality corresponding
to the facetsaysthatconstraint7 is beingactvated.  and
arelinearly dependentso LICQ is violated. We there-

fore solve the LP (18)-(20),with

. The

solutionto this LP is unboundedand accordingto Theo-
rem4, we have reachedaninfeasiblepartof the statespace,
whichis easilyveri ed.

6 Off-Line Mp-QP Algorithm

Basedntheresultsof Sections3, 4 and5, we nally present
anefcient algorithmfor the computatiorof the solutionto

the mp-QP (3)-(4). Generally thereexist active setswhich

arenot optimal arywherein the parametespace(typically,

most active setsare not optimal anywhere). We needan

active setwhich is optimal in a full-dimensionalregion to

startthe algorithm.Generallywe cando this by choosinga

feasible ,and nd theoptimalactivesetfor this by solving

a QP This canbe avoidedin the specialcasewhenwe solve

alinearMPC problem wherein generatheregionwhereno

constraintis active at the optimumis full dimensionaland
we canchoosethe active set (see(Bemporadand
Filippi, Conditionally acceptedor publicationwith minor

revisions,Lemmag)).

Let be alist of active setswhich arefound, but not
yet explored (i.e., are candidatedor optimality) and

be the setof active setswhich have beenexplored(i.e., are
foundto be optimal).



Algorithm 1

Choosethe initial actve set  asin (Bemporadet al.,
acceptedor publication,Prop. 2); Let ,

while do

Pickanelement from ;
Build the matrices and from andde-
terminethe local Lagrangemultipliers, andthe

solution from (10) and(9);

Find the where is optimal from (12) and (13),

and remove all hyperplanedrom which are not

coincidento hyperplane# theminimalrepresentation

of ;

if is full-dimensionalthen

for eachfacet in do

Findtheoptimalactive seton by examiningthe
type of hyperplane is givenby;
Find ary possibleoptimal active setsin ac-
cordingto Theoren?, Corollary1, Theorem4 and
Theoremb. If noneof theseare applicable, nd

theactive setin by solvingaQPasin (Tgndel
etal., 2001b);
For any new active set found, let
end for
end if
end while

An estimateof the costfor solving the mp-QP (3)-(4) by
differentalgorithmsis given below. This estimateis given
by the numberof LP's/QPS which hasto be solved, asthis
is the main cost.For Algorithm 1 this is given by

Final # regions # LPsperregion

found by the algorithm for redundang check

andthe main costof the algorithmfrom (Bemporadet al.,
2002)is

Final # regions # LPsperregion

found by the algorithm for redundang check

# LPsfor red.check

+1LPto nd interior point

Total #

regionsexplored )
+1 QPto nd active set

Consequentlythe differencebetweernthe two algorithmsis
the last term, which is due to the extra partitioning into
regions , asin gure 1. Theremoval of redundanton-
straintsfrom polyhedrais doneby solving oneLP for each
hyperplaneThecostof thealgorithmof (Seronetal., 2000),
which only handlesnput constraintsjs

# LPsperregion
for redundang check

Example 2. We comparethe ef ciency of Algorithm 1, the

algorithmof (Bemporadet al., 2002) and the algorithm of

(Seronet al., 2000) on the doubleintegratorexamplefrom

(Bemporadet al., 2002) in Table 1. All the computation
timesareachievedon a 650 MHz Pentiumlll runningMat-

lab 5.3, usingthe NAG FoundationToolboxto solve LP/QP
subproblemsln this example,both algorithm 1 andthe al-

gorithmof (Bemporadetal., 2002)spendmorethan60% of

the time on removing redundantonstraintfrom the poly-

hedra,accordingto the previous compleity analysis.Note

thatsymmetriesof this MPC problemcould be exploitedto

further decreaseomputatiortimes.

Tablel

Numberof regionsexploredandcomputatiortimesfor Algorithm
1 andthealgorithmof (Bemporacketal., 2002)for Example2. We
have also addedthe numberof solutionsthat would be explored
by the algorithmof (Seronet al., 2000).In this example,the nal

numberof regionsin the solutionis the sameas the numberof
regionsexplored by Algorithm 1

‘ Hor. ‘ Alg. 1 Alg. from Alg. from
2 [9, 0.14s] | [15,0.77s] 9, -
3 | [19,0.33s] | [39,2.63s] [27,-]
4 | [33,0.64s] | [79,5.60s] [81,-]
5 [51, 1.14s] | [131,9.01s] [243,-]
6 [73,1.79s] | [205, 16.48s] [729,-]
7 [99, 2.65s] | [261,22.74s]| [2187,-]
8 [125,3.62s] | [329,30.98s] | [6561,-]
9 [143,4.58s] | [393,39.71s] | [19683,-]
10 | [157,5.39s] | [415,44.82s]| [59049,-]

Example 3 The laboratorymodel helicopter (Quanser3-

DOF Helicopter)describedn (TgndelandJohansen2002)
sampledwith , and the following state space
representatioiis obtained

The statesof the systemare
- elevation

(Bemporadet al., 2002)
(Seronet al., 2000)



- pitch angle

- elevationrate

- pitch anglerate

- integral of elevationerror

- integral of pitch angleerror

Theinputsto the systemare

- front rotor power
- rearrotor power

Thesystemnis to beregulatedto theorigin with thefollowing
constrainton the inputsandpitch andelevationrates:

The LQ costfunctionis givenby

diag

and s givenby the algebraicRiccati equation.

Thesystems optimizedwith ahorizonof 50samplesandas
iscommonin MPCimplementationsnputparameterization
hasbeenusedto reducethe dimensionf the optimization
problem.Table2 shavsthenumberof regionsin thepartition
and computationtimes using 1, 2, 3 and 4 parameterdo
describethe controlinput.

Table2
Computationtimes, helicopterexample

‘ Horizon ‘ Algorithm 1 | Number of regions

1 11s 33
2 18.9s 395
3 163.2s 2211
4 1830.0s 12223

7 Conclusions

In this paperwe have proposeda new approachfor solv-
ing mp-QPproblemgiving off-line piecaviseaf ne explicit
solutionsto MPC control problems Being basedon the ex-
ploitation of direct relationsbetweenneighboringpolyhe-
dral regionsand combinationsf active constraintswe be-
lieve that our contribution signi cantly advancesthe eld

of explicit MPC control, both theoreticallyand practically
as exampleshave indicatedlarge improvementsof compu-
tationalef ciency over existing mp-QPalgorithms.
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